A LOWER BOUND FOR EIGENVALUES OF 
A CLAMPED PLATE PROBLEM* 



QING-MING CHENG AND GUOXIN WEI 



Abstract. In this paper, we study eigenvalues of a clamped plate problem. We 
obtain a lower bound for eigenvalues, which gives an important improvement of 
results due to Levine and Protter. 



1. Introduction 

Let M be an n-dimensional complete Riemannian manifold. The following is 
called Dirichlet eigenvalue problem of Laplacian: 

Au = —\u, in 
u = 0, on Oil, 

where is a bounded domain in M with piecewise smooth boundary dQ and A 
denotes the Laplacian on M. It is well known that the spectrum of this eigenvalue 
problem (1.1) is real and discrete. 

< Ai < A2 < As < • ■ ■ oo, 

where each Aj has finite multiplicity which is repeated according to its multiplicity. 

Let V{Q) denotes the volume of Q and Bn the volume of the unit ball in R", then 
the following Weyl's asymptotic formula holds 

Afc ~ k ^ 00. (1.2) 

From this asymptotic formula, one can infer 

1 ^ .9 

1 ^TT , 1 , 

— > Aj ~ 9-«;", k 00. (1.3) 

In particular, when M = R", Polya [18j proved 



47r2 



2 



Afc > r^", for k= 1,2,--- , (1.4) 

if f2 is a tiling domain in R". Moreover, he conjectured for a general bounded 
domain. 
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Conjecture of Polya. If is a bounded domain in R", then eigenvalue Xk of the 
eigenvalue problem (1.1) satisfies 

47r2 2 

Afc> Tk^, for k = 1,2,--- . (1.5) 

- (i?„y(fi))^ 

On the conjecture of Polya, Li and Yau (cf. [1], [H]) proved 



k 



^yXi>— — ^k^, fork= 1,2,--- . (1.6) 

It is sharp about the highest order term of k in the sense of average according to 
(1.3). From this formula, one can derive 

n Ati^ 2 
Afc > r^", for k= 1,2,--- , (1.7) 

which gives a partial solution for the conjecture of Polya with a factor 

Furthermore, Melas [15] obtained the following estimate which is an improvement 
of (1.6). 

T? > Tk^+Cn-rh^, for k= 1,2,--- , 1.8 

where is a constant depending only on the dimension n and 



liVl) = min I \x — a?'dx 



is called the moment of inertia of Vt. 

For a bounded domain in an n-dimensional complete Riemannian manifold, Cheng 
and Yang [9J have also given a lower bound for eigenvalues, recently. 

Our purpose in this paper is to study eigenvalues of the following clamped plate 
problem. Let f2 be a bounded domain in an n-dimensional complete Riemannian 
manifold M^. The following is called a clamped plate problem, which describes 
characteristic vibrations of a clamped plate: 

A^-u = Tu, in Vt, 

n = — = U, on oil, 

where A is the Laplacian on M" and v denotes the outward unit normal to the 
boundary dVl. It is well known that this problem has a real and discrete spectrum 

< Fi < Fa < ■■• < Ffc < ^ +CX), 

where each Fj has finite multiplicity which is repeated according to its multiplicity. 

For eigenvalues of the clamped plate problem, Agmon [1] and Pleijel [IT] gave 
the following asymptotic formula, which is a generalization of Weyl's asymptotic 
formula, 

Ffc jk^, k^oo. (1.10) 

(s„F(n))" 
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The average of the eigenvalues satisfies 

lfr,~^^^fc^, ^^oo. (1.11) 

Furthermore, Levine and Protter [12] proved that eigenvalues of the clamped plate 
problem satisfy 

iyr,>^^ '-^^kt (1.12) 

The inequality (1.12) is sharp about the highest order term of k according to (1.11). 

In this paper, we give an important improvement of the result due to Levine and 
Protter [T2] by adding to its right hand side two terms of the lower order terms of 
k. In fact, we prove the following: 

Theorem. Let Q be a bounded domain in an n- dimensional Euclidean space R". 
Eigenvalues of the clamped plate problem satisfy 



1 

7 y >— — — rfc" 

k ^ ■' n + 4 



n IGvr . 4 



+ [^l±l I ym_!l (1.13) 



+ 



12n(n + 4) 1152n2(n + 4)y A^) ^ + 2 (5^y(^)) ^ 



h7Qn{n + A) 27USn'^{n + 2){n + A) J \ I{Q) J ' 
where is the moment of inertia ofQ. 

Corollary. Let Q be a bounded domain in an n-dimensional Euclidean space R" 
Then eigenvalues T j 's of the clamped plate problem satisfy 

k 



n IGtt , 4 



n + 2 1 \1 n A-K^ ,1 

k" 



+ 



12n(n + 4) 1152n2(n + A) J ^Li ^."^ ^ + 2 ( B^V{n)) 
1 1 \ / 1 " 



1 / ' 



57Qn{n + 4) 27648^2 (n + 2) (n + 4) y V E =i A**" 

(1.14) 

where jdi, fin are the first n nonzero eigenvalues of the Neumann eigenvalue 
problem of Laplacian 

in Q, 
on dil. 
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Remark 1. On universal estimates for eigenvalues of the clamped plate problem, 
one can see [S], [Z], [H], [ID] and 



2. Proof of results 
For a bounded domain Q, the moment of inertia of Q is defined by 



= min \x — al'^dx. 



By a translation of the origin and a suitable rotation of axes, we can assume that 
the center of mass is the origin and 



I{n) = [ \x\^dx. 
Jq 



For reader's convenience, we first review the definition and serval properties of 
the symmetric decreasing rearrangements. Let Q C R"' be a bounded domain. Its 
symmetric rearrangement Q* is the open ball with the same volume as Q, 



By using a symmetric rearrangement of fi, we have 

i{n)= [ \x\'dx> [ \x\'dx = ^^v{n)(^^y . (2.1) 

Jn Jn* n + 2 \ Bn J 

Let /i be a nonnegative bounded continuous function on f2, we can consider its 
distribution function Hhif) defined by 

liy,{t) =Yo\{{x eVL\ h{x)>t}). 

The distribution function can be viewed as a function from [0, oo) to [0, y(f2)]. The 

symmetric decreasing rearrangement h* of h is defined by 

h*{x) = mi{t > Olfihit) < 5„|x|"} 

for X G Q*. By definition, we know that Vol({a; G Q\h{x) > t}) = Vol({x G 
fl*\h*{x) > t}), Vt > and h*{x) is a radially symmetric function. 

Putting g{\x\) := h*{x), one gets that g : [0, +cxo) — >• [0, sup h] is a non-increasing 
function of Using the well known properties of the symmetric decreasing re- 
arrangement, we obtain 



oo 

n-1. 



and 



h{x)dx = / h*{x)dx = uBn / s'^''g{s)ds (2.2) 
[ \x\^h{x)dx> [ \x\%* {x)dx = uBn f s''^^g{s)ds. (2.3) 

JR" JR" Jo 



Good sources of further information on rearrangements are [3], [T9] . 
One gets from the coarea formula that 

/■sup h p 

f-hit) = / \\/h\^^dasds. 

Jt J{h=s} 
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Since h* is radial, we have 

IJh{g{s)) = Yo\{x G n\h{x) > g{s)} = Vol{x G n*\h*{x) > g{s)} 
= Vol{x eQ*\g{\x\) > g{s)} = Br.s''. 

It follows that 

nS„s"-^ = fi'i^{g{s))g\s) 

for almost every s. Putting r := sup |V/i|, we obtain from the above equations and 
the isoperimetric inequality that 

-f^'hidis)) = I \Vh\-^da,^s) > T-'Vo\^_,{{h = g{s)}) 

J{h=g{s)} 

Therefore, one obtains 

-r<g'{s)<0 (2.4) 

for almost every s. 

Next, we prepare the following lemma in order to prove of our theorem. 

Lemma 2.1. Let b > 1, rj > and ip : [0, +oo) — > [0, +oo) be a decreasing smooth 
function such that 

-V < ^'(s) < 

and, for a constant d < 1, 



with 



Then, we have 



6b7]^{bAyt 

poo 

A = s''-^tP{s)ds > 0. 
Jo 



1 

s'-^^^{s)ds >^A_({,^)^^(o)-| 



b+2 , , . 26-2 



1 d 



mb{b + A)r]^ 36(6 + 2)2(6 + 4)r/^ 
Proof. Defining 

POD 

D= s^+V(s)rfs, 



one can prove from the same assertions as in the lemma 1 of [15 



D = / ""s'+'!/>(s)<is > r^(bA)'-^4iO)-i + J*'^°S -2 - (2-6) 
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Since the formula (2.6) holds for any constant 6 > 1, we have 



^0 



,6+3 



> J_((6 + 2)i^)^^(0)-^+ ^^(0)' 



> 



6 + 4 
1 



6(6 + 4)?]2 



6 + 4 



6+4 



+ 



6(6 + 4)772 
1 



V'(O)"^ 

A^(0)2 



6 + 4 



(6A)-V,(0)-^ + ^^ 
X ( 1 + ^^^Mrrr 1 V'(O) '-+2 



(6A)^V(0)-^ 



6+2 



+ 



6(6A)"^"?72 

6(6 + 2) (6 + 4)772^ ' ' "^^ ^ ' ^ 36(6 + 2)(6 + 4)774 



> 



6 + 4 



6+2 



X n + 



1 A^(0)^ 
& + 2 6(6^)^772 



6772 
2 



(6A)^^(0)-i 



2 

6+2 



6 AtPiO) 



26+2 



& + 26(6^)^^772 

(from the Taylor formula) 



^ 6(6 + 2) (6 + 4)772^ ) ^(U) + 36(6 + 2) (6 + 4)774 



> 



6 + 4 
X |l + 

+ 



/, ^^>>+2 , 2 ^7/'(0)2 

(6A)— -0(0)"^ + 



1 Aij{0)^ 
& + 2 6(674)^772 



6772 
2 



(6A)^V(0)" 



6+2 



6 + 2 



ri U(0)- 



i)+2 



6(6 + 2) (6 + 4)77- 



■{bA) b -0(0) + ^ ^ 



^ (6A)H^^(o)- 



6 + 4 
+ 



+ 



36(6 + 4)772 6(6 + 2)2(6 + 4)772 
1 d 



36(6 + 2)(6 + 4)774 



{bAy-^iij{oy 



^366(6 + 4)774 36(6 + 2)2(6 + 4)774 
This completes the proof of the lemma. 



Aip{oy 
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Proof of Theorem. Let Uj be an orthonormal eigenfunction corresponding to the 
eigenvalue Fj, that is, Uj satisfies 

A.^Uj — FjUj, in fl, 



du 



u 



■J 



0, on dfl, (2.7) 



' du 

J UiUj = dij, for any i, j. 
Thus, {uj}°^-^ forms an orthonormal basis of L^(Q). We define a function ipj by 



(Pj{x) 



0, xeW\n. 



Denote by (pj{z) the Fourier transform of (fij{x). For any z e R", we have by 
definition that 

(pj{z) = (27r)-"/2 f <^^.(a;)e^<^'^>da; = {2ny^^ I Uj{x)e'<='^'>dx. (2.8) 
Jr" Jo. 

From the Plancherel formula, we have 

(pi{z)(pj{z)dz = 5ij 

for any i,]. Since is an orthonormal basis in L^(f2), the Bessel inequality 

implies that 



V \(pj{z)\'^ < (27r)-" / \e'<^''>\^dx = (27r)-"V(f7). 
i=i 



(2.9) 



For each q — I,-- - ,n, j = I,-"" ^k, we deduce from the divergence theorem and 
Wjlan = 'Q^\9n = that 



zl^jiz) = (27r)-"/2 / ^,{x){-zr^-^dx 

JR" O'^g 

= -(27r)-"/2 / ^^e^<-'^>dx (2.10) 

JR" C/^^q 
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It follows from the Parscval's identity that 



„ n 



q=l 1 
5-^ O^Ui 



= / \l^Uj{x)\^dx 
Jn 

— / Uj{x)A^Uj{x)d: 
Jq 

— / Tju'^{x)dx 
Jn 



(2.11) 



Since 



we obtain 



V(pj{z) = (27r)-"/2 / ixuj{x)e'''''''>dx, (2.12) 
Jn 

V \V^j{z)\^ < (27r)-" / |zxe'<"'">|'rfa; = {27iy'I{Q). (2.13) 

.7 = 1 -^f^ 



Putting 



k 

h{z) ■.^Y.\^,{z)\\ 

i=i 

one derives from (2.9) that < h{z) < {2tt)~"'V (Q) , it follows from (2.13) and the 
Cauchy-Schwarz inequality that 

V2 / . X 1/2 



(2.14) 



< 2(27r)-"Vy(Q)7(Q) 
for every z G R". From the Parseval's identity, we derive 



k 

/ h{z)dz^y^ I \uj{x)\^dx^k. (2.15) 



Applying the SA inmetric decreasing rearrangement to h and noting that r = sup \ Vh\ < 
2(27r)-"V"^(^)A^) — ^> we obtain, from (2.4), 

-r]<-T< g{s) < (2.16) 
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for almost every s. According to (2.2) and (2.15), we infer 

[ h{z)dz = f h*{z)dz = nS„ / s''-^g{s)ds. (2.17) 
Jk" Jr" Jo 

From (2.3) and (2.11), we obtain 

^r,= / \z\'h{z)dz 

> / \z\%*{z)dz (2.18) 

j'OO 

= nB^ / s^+'gis)ds. 
Jo 

In order to apply Lemma 2.1, from (2.17) and the definition of A , we take 

i^{s) = g{s), A^^, r7-2(27r)-VmA^^), (2-19) 
from (2.1), we deduce that 

T] > 2(27r)-" (;^) ' 5n V(Q)^. (2.20) 

On the other hand, < g{0) < sup h*{z) — sup h{z) < (27r)~"'\/(Q), we have from 
(2.1), (2.19) and (2.20) that 

^(0)^ < ((27r)-"V^(Q))^ 



6nr)^(nA)n 6n(2(27r)-" {^)^ Bn"V{n)'^y{^)^ 



± 4. 

n + 2 ^ n + 2 



24n2 (27r)2A;^ ~ 24n2 (27r)2" 

27rt 

By a direct calculation, one sees from B„ = — -— that 
^ ' " nr(f) 

4 

R" 1 

where r(|^) is the Gamma function. From the above arguments, one has 

2n+2 „ 

g(0)— n + 2 , , 

< ^ < 1- (2-22) 



Qnrf{nA)i ~ 48^2 

Hence we know that the function ■0(s) — g{s) satisfies the conditions in Lemma 2.1 
with b — n and 

r; = 2(27r)-07p7(Q), ^ = 
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From Lemma 2.1 and (2.18), we conclude 

k 



7=1 



Tl / „ N 4 , n+4 ^ ^ 4 
> {Bnrnk — g{0)-n 

^ + 4 (2.23) 

(1 1 \ ,21+2, ._2^ . . 2n-2 

3(n + 4)?72 " 288n(n + 2)(n + 4)?72j ^ " ^ 

^ (36n(n + 4)?74 ~ 1728n^{n + 2){n + 4)r]'^^ ^^^^-^ ' 
Defining a function F by 

„/ s JT- / „ X 4 , n+4 4 

(1 1 \ "+2 , ,_1 2n-2 

3(n + 4)772 ~ 288n(n + 2)(n + 4)?72j ^ " ^ " (2-24) 

+ 1 ^ 

V36n(n + 4)774 1728n2(n + 2)(n + 4)?7V 

^ n+1 

It is not hard to prove from (2.20) that r] > (27r)~"Sn "V{Q)~. Furthermore, it 
follows from (2.24) that 

F'{t) 

4 / „ X 4 , n+4 -I 4 

< -(SJ-nfc— r^"" 

n + 4 

+ (,3;i(;r^ " 144n2(n + 2)(n + 4) J ^ " ^'^^ ^^^^ 

+ - 432n.2(. + 2)(. + 4) ) ^^^(2-)^"(i^n)^n^)-^ 

- ' r^-- X {(^ - T.i^)(2.)-.^n^)-^^- 



n + 4 3n 144n2(n + 2)- 

Hence, we have 

n+4 n + 4 , , , 

—t—F{t) 

- ^^^^ + (i- - j^^-J_^)(2.)-(i.„)iv(.)-^*^. 
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Since the right hand side of (2.25) is an increasing function of t, if it is not larger 
than at t = (27r)-"y(Q), that is, 

-A{Bn)-^k^ < 0, 

then one has from (2.25) that F'{t) < on (0, (27r)-"l/(n)]. Hence, F{t) is de- 
creasing on (0, (27r)~"y(Jl)]. Indeed, by a direct calculation, we have that (2.26) is 
equivalent to 



6n 576??.^ (n + 2) 
+ (sL " 1728nV + 2)) (2^)"'^^")" 

< {Bn)-^k^. 

From (2.21), we can prove that (27r)~^(i?„) « < 1 and 



(2.27) 



(n-1) {n-l) 



6n 576n^(n + 2) 
1 1 



2 7.4 



< (27r)-^A;n < (5„)-^/c^, 

that is, F(t) is a decreasing function on (0, {2Tr)~'^V{Q,)]. 

On the other hand, since < g{0) < {2'k)~'^V{Q) and the right hand side of the 
formula (2.23) is F{g{0)), which is a decreasing function of 5^(0) on (0, {2t[)~'^V{Q)], 
then we can replace ^'(0) by {2n)^'"-V {Q) in (2.23) which gives inequality 



TEr^> ^ 



A; ^ ' ~n + 4: 



, n + 2 1 \ V{n) n 47r2 , 

+ TT^^ — TT - — TT -TTTT. Tk" 



+ 



1 1 A /my 

^576n(n + 4) 276ASn'^{n + 2){n + A) J \ J ' 
This completes the proof of Theorem. 

□ 
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Proof of Corollary. Let Vi, ■ ■ ■ , Vnhe n orthonormal eigenfunctions corresponding to 
the first n eigenvalues Hi, of the Neumann eigenvalue problem of Laplacian, 

that is, 

Avi = -UiVi, in ^l. 



dvi 



0, 



on dQ, 



n. 



It then follows from the inequality (2.8) in [2] that 

\ ^ J_ ^ In \^?dx 

Combining (1.13) and (2.29), we have the inequality (1.14). 



(2.29) 



□ 
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